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Abstract. We describe proofs of the standard generating formulas for unsigned and signed 
Stirling numbers of the first kind that follow from a natural combinatorial interpretation 
based on cycle-colored permutations. 

1. Introduction 

For 7r G S n , let k(ir) be the number of cycles of ir when ir is uniquely written as a product 
of disjoint cycles (including fixed points). Then x k ^ is the number of ways to color the 
cycles of ix using x possible colors, and the following equations hold 



(1) xfcW = (x + n-l)(x + n-2)---x 

(2) {-l) n ~ kM x kM = (x-n + l)(x-n + 2)---x 
These equations are usually written as 

(3) Y c ( n ' k ) xk = (x + n-l)(x + n-2)---x 



(4) ^(-l) n - fe c(n,A;)x fc = (x - n + l)(x - n + 2) 



• x 



where c(n, k) is the number of permutations of [n] with k cycles. The numbers c(n, k) as 
n, k vary are the unsigned Stirling numbers of the first kind, with the numbers (— l) k c(n, k) 
the signed Stirling numbers of the first kind, and equations (1) and (2) can therefore be 
interpreted as the generating functions of the signed and unsigned Stirling numbers of the 
first kind. Stanley [2] gives three different proofs of the generating formula for unsigned 
Stirling numbers of the first kind and proves the generating formula for signed Stirling 
numbers of the first kind as an algebraic consequence. We will provide separate bijective 
proofs of both generating formulas, based on the first interpretations given in this paper, 
where both formulas count the ordered pairs (tt, /i), where 7r e S n and fi is a coloring of the 
cycles of ir using x colors, or the number of cycle-colored permutations of [n]. 

2. The Generating Formula for Unsigned Stirling Numbers 
To prove 



E 



x fc W = (x + n- l){x + n - 2) ■ ■ - x 

ir£S n 

it suffices to define a bijection between cycle-colored permutations of [n], i.e., between ordered 
pairs (tt, /i), where n G S n and \i is a coloring of the cycles of tt using x colors, and sequences 
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ai<2 2 . . . a n with no repeated elements such that {a\, a 2 , ... , a n } C X, where X is the set 
consisting of 2, 3, . . . , n and x letters r, b,g, . . .. (The proof below does not require the letters 
be ordered). To define such a bijection, we first introduce a new set, the set of cycle- colored 
permutation graphs. 

2.1. Cycle-colored Permutation Graphs. Given A C X — {2, 3, . . . , n} a subset of the 
set of x letters r,b,g, . . ., let F be a directed graph on [n]UA F is a cycle-colored permutation 
graph if and only if: 

• For all i G [n], there is a unique j G [njUvl such that (i, j) is an edge of Y 

• For all 1 ^ i G [n] U A, there is a unique k G [n] such that (k, i) is an edge of Y 

• If i G [n] U A, (i, 1) is not an edge of F 

• if i G A, (s, i) is not an edge of F for any s G A 

Note that there is a bijection between cycle-colored permutation graphs on [n] U A and 
sequences a x a 2 . . . a n such that A C {ai, a 2 , . . . , a n } C {2, 3, . . . , n} U A (i.e., such that all 
the letters of A are used in aia 2 ...a n ): Given a cycle-colored permutation graph F on 
[n] U A, define a sequence aia 2 . . . a n , where a* G [n]U/l is the unique element such that 
(i, aj) is an edge of F. Conversely, given a sequence aia 2 . . . a„ such that {ai, a 2 , . . . , a„} C 
{2, 3, ... , n}Ui, define a cycle-colored permutation graph F on [n]Ui by including precisely 
the edges (i, ai) for 1 < i < n. Using this simple bijection, to prove the generating function for 
unsigned Stirling numbers, it suffices to define a bijection between cycle-colored permutations 
(ir,fj>), where 7r G S n and /x colors the cycles of n using the colors A, and cycle-colored 
permutation graphs F on [n] U A. 

2.2. From Cycle-Colored Permutations to Cycle-Colored Permutation Graphs. 

Given a cycle-colored permutation (ir, //), where tt E S n and /i colors the cycles of tt using 
the colors A, define a directed graph F on [n] U A as follows: 

• For all s G A, let 5 s C [n] be the set of elements of [n] in cycles of it colored using 
s under /i, with c\ < c\ < ■ ■ ■ < c s M the unique increasing rearrangement of B s , and 
M=\B S \. 

• For all s such that I B s , define the sequence b{b s 2 . ■ -b s M by 7r(cf ) = fef. Alternately, 
6f . . . b s M is the permutation 7r| B s : B s ^ B s written in list form. 

• Define a directed graph F on [n] U A by including, for s such that 1 ^ B s , precisely 
the directed edges {bf,bf +1 ) for 1 < % < \B S \ and (b? Bs ,,s); as well as, for the unique 
s such that 1 G B s , the directed edges (i, 7r(i)) for all i ^ tt _1 (1) G -8 s as well as the 
directed edge (7r -1 (l),s). 

Then F is a cycle-colored permutation graph on [n] U A. 

For all 1 < i < n, let be the unique element of [fi]Ui-{l} such that (i, ai) is an edge of 
F. Then a\a 2 ... a n is a sequence without repeated elements such that A C {ai, a 2 , . . . , a n } C 
{2,3, ...,n}U A. 

2.3. Example. Let n = 11, A= {r,6,^}, and (vr,/i) = ((1, 11, 3)(2, 9)(4)(5, 7)(6, 8, 10), fi), 
where fi is the coloring of the cycles of 7r which has (1, 11, 3) and (6, 8, 10) colored using the 
color r; (2,9) and (4) colored using the color b, and (5, 7) colored using the color g. Then 
B r = {1, 3, 6, 8, 10, 11}, B b = {2, 4, 9}, and B° = {5, 7}. 1 i B b , B r , and so c\ = 2, c\ = 4, 
c b 3 = 9; with b\ = tt(2) = 9; b\ = vr(4) = 4, and 6^ = tt(9) = 2; cf = 5, eg = 7, and so b{ = 7, 
&2 = 5. Define F on [11] U {r, 6, by including precisely the edges (9, 4), (4, 2), (2, b); (7, 5), 
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(5,g); and (1, 11), (11,3), (6,8), (8, 10), (10,6), (3,r), and Y is the directed graph shown in 
Figure 1, with a\a2 ... an = 11, b, r, 2, g, 8, 5, 10, 4, 6, 3. 

1^11^3^r 
6^8 

10 

7^ 5^g 
Figure 1 

2.4. From Cycle-Colored Permutation Graphs to Cycle-colored Permutations. 

Given a cycle-colored permutation graph Y on [n] U A, or equivalently, given a sequence 
aia 2 • • • a n without repeated elements such that A C {ai, a 2 , . . . , a n } C {2,3,...,n}UA, 
define a cycle-colored permutation (tt,(j), where ir & S n and /i is a coloring of the cycles of 
7r using precisely the colors in A, as follows: 

• Define a permutation 7r G as follows: For all s G A, let -B s be the set of % G [n] 
such that i and s are connected in F, with c\ < c s 2 < . . . < c s M the unique increasing 
rearrangement of B s , and M = \B S \. Also include, in the unique B s such that 1 is 
connected to s, every % G [n] unconnected to any s £ A. For s such that 1 ^ B s , 
define a sequence b\b 2 . . . b s M , where b\ G -B s is the element with the longest (unique) 
path to s and b\ , b 2 , . . . , 6^, s is that path. Then 7r(cf) = bf. For the unique s such 
that 1 G B s , for all i G B s , either (i, j) is an edge of Y where j is uniquely determined, 
in which case ir(i) = j; or (i, s) is an edge of Y, in which case n(i) = 1, 

• Define a coloring /i of the cycles of 7r as follows: if i G B s , the cycle containing i is 
colored using s. 

and (7r, //) is a cycle-colored permutation of [n]. The parallel notations used to describe 
the maps between cycle-colored permutations and cycle-colored permutation graphs should 
suffice to show that the maps invert each other, which suffices to prove the above generating 
function of unsigned Stirling numbers. 

2.5. Example. Let n — 11, A — {r,b,g}, and aia 2 ...an = 5, 6, 7, 4, 10, b, r, 3, 11, g, 9. 
Equivalently, let Y be the cycle-colored permutation graph on [11] U A given in Figure 2, 
which includes precisely the edges (i, Oj) for 1 < % < 11. 

l-> 5 ^10^g 
9^11 4D 
8^ 3^7^r 

Figure 2 

Then B 9 = {1, 4, 5, 9, 10, 11} (note that 1 is connected to g, so 4, 9, 11 are included in B 9 ), 
B r = {3,8,7}, and B b = {2,6}, and c\ = 3, c r 2 = 8, c r 3 = 7; c\ = 2, c\ = 6. The 
longest path containing r is 8,3,7, r and the longest path containing b is 2,6,6, so define 
a permutation n G S u by ?r = 5, 2, 8, 4, 10, 6, 3, 7, 11, 1, 9 = (1, 5, 10)(2)(3, 8, 7)(4)(6)(9, 11). 
Define a coloring /x on the cycles of 7r by coloring (1, 5, 10), (4), (9, 11) using g; (3, 8, 7) using 
r and (2), (6) using b. Then (ir, /i) is a cycle-colored permutation of [11]. 
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3. The Generating Formula for Signed Stirling Numbers 

To prove 

^(-lJ^Wi'W = ( x - n +l){x-n + 2)---x 
it is equivalent to prove 

x kM = x k{w) + (x-n+l)(x-n + 2)---x 

TrSSn, n— k(n) even tt€S„, n—k(ir) odd 

Because there are precisely (x — n + l)(x — n + 2) • • -x cycle-colored permutations (e n ,/x) 
where e n G S n is the identity permutation on [n] and /x uses precisely n colors, it suffices to 
find a bijection 

: {(7r, /i) : n — /c(7r)even} <-> {(e n , /x) : fi uses n colors } U {(it, fi) : n — A;(7r)odd} 

or, alternately, an involution <fi on the set of cycle-colored permutations of [n] such that 
4>((tt, [/,)) = (tt, /x) if n = e n and /x uses precisely n colors, and for all other (tt, /x), if 4>((tt, /x)) = 
(7f,/x), fc(7r) = fc(fr) ± 1. 

Define an automorphism on the set of cycle-colored permutations as follows: 

(1) Given a cycle-colored permutation (7r,/x), let (i, j) with 1 < i < j < fi be a relation 
of (7r, /x) if and only if the (not necessarily distinct) cycles containing % and j in tt 
have the same color under /x, with i? = : (i, j) is a relation of (7r,/x)} the set 
of relations of (7r,/x). 

(2) If i? = 0, let 0((tt,/x)) = (tt,/x) 

(3) If i? 7^ 0, let be the minimal element of R under the lexicographic ordering. 
Define a permutation n by n = (ij) o 7r, where (ij) is the transposition sending i to 
j and vice- versa, and o denotes multiplication in S n . 

(4) Define a coloring /x of the cycles of 7f as follows: if k e [n] is in a cycle of 7r colored 
using the color corresponding to s under fi, the cycle containing k in fr is colored 
using the color corresponding to s under /x. Let (f)((ir, /x)) = /x). 

Note that, if 7r = e n and /x uses precisely rx colors, i? = 0, and 0((7r,/x)) = (7r, /x). For all 
other (7r, /x), if (i, j) is the minimal relation of (7r, /x) and 0((7r, /i)) = (7r, /x), either i and j are 
in the same cycle of tt, in which case multiplying n by (ij) splits the cycle containing i and 
j into two cycles, and k(7r) = k(7r) — 1, or i and j are in distinct cycles of 7r, in which case 
multiplying 7r by (ij) joins the distinct cycle containing i and the distinct cycle containing 
j into one cycle, and k(n) = k(n) + 1. Note also that, for all k G [n], the cycle containing A; 
in 7r and the cycle containing k in 7r are colored the same way by, respectively, /x and /x. In 
particular, (n, /x) and (fr, /x) have the same set of relations and so the same minimal relation 
(i, j), and is an involution. This suffices to prove the above generating function of signed 
Stirling numbers. 

3.1. Example. Let n = 5 and (7r,/x) = ((1)(2, 4, 3)(5), /x) where /x colors (1), (5) using r and 

(2,4,3) using b. Then the set of relations R of (7r,/x) is {(1,5), (2,3), (2,4), (3,4)}, and the 

minimal element of R under the lexicographic ordering is (1,5). Define 7r = (1, 5) (2, 4, 3), and 

/x as a coloring of the cycles of tt, where (1, 5) is colored using r and (2, 4, 3) is colored using 

b. Then (tt, jx) is a cycle-colored permutation of [5] with relations {(1, 5), (2, 3), (2, 4), (3, 4)} 

and 0((7r,/x)) = (7f,/x), 0((7r,/x)) = (tt,/x). Note that k(n) = 3 and k(7r) = 2. 
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